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Abstract. Within the framework of the effective-field theory, we examine the phase transitions
of a transverse spin-1 Ising film. We discuss anL-layer film of simple cubic symmetry with
nearest-neighbour exchange interactions in which the exchange interaction strengths in surface
layers are assumed to be different from the bulk values, and we derive and illustrate expressions for
the phase diagrams and order parameter profiles. It is found that for a ratio of the surface exchange
interactions to the bulk onesR = Js/J less than a critical valueRc, the critical temperatureTc/J
of the film is smaller than the bulk critical temperatureT Bc /J and, asL is increased further,Tc/J
increases. However, forR > Rc, Tc/J is greater than the bulk critical temperatureT Bc /J and, as
L is increased further,Tc/J decreases.

1. Introduction

The magnetic properties of ordinary lattices, thin films, multilayers and artificially fabricated
superlattices have been widely studied over the years [1]. It is generally accepted that the
magnetic properties of a surface layer may differ from those in the bulk of the system. This is
expected since the atoms in the surface layer or region are in a different environment and the
exchange interactions associated with them may differ from those in the bulk.

In the case of spin waves, the presence of a surface with different interactions gives rise
to the existence of surface spin waves [2–6]. These spin waves are localized at the surfaces
and have been studied in the magnetostatic approach [2–6]. In the case of phase transitions,
it has also been recognized that the presence of a surface raises the possibility of a surface
transition. Here the surface layer orders at a temperatureT Sc > T Bc (T Bc is the bulk critical
temperature) and in the temperature regionT Bc < T < T Sc the magnetization decays from the
surface into the bulk with a characteristic length. This occurs when the ratio of the surface
exchange interaction to the bulk oneR = Js/J is larger than a critical valueRc.

From both the experimental and the theoretical points of view, the Ising magnetic film is
very important [7–10]. It can be taken as a model to investigate the magnetic size effects and
can be regarded as a quasi-two-dimensional system when it is thin [9]. The magnetic properties
of the film will approach those of the corresponding semi-infinite system when it is thick [10].
Although much is known about phase transitions in two- and three-dimensional systems, many
aspects remain to be understood in systems with surfaces, thin films etc. Very often one finds
unexpected and interesting properties in these systems. For example, experimental studies
[11–15] on the magnetic properties of surfaces of Gd, Cr and Tb have shown that a surface
ordered magnetically can coexist with a magnetically disordered bulk phase.
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In this paper, we are concerned with order–disorder (KDP-like) ferroelectrics. As was
first pointed out by de Gennes [15], these may be described within a pseudo-spin model by the
Ising model in a transverse field since the phase transition to ferroelectricity is associated with
preferential occupation by the protons of one or the other of the two equivalent wells in the
hydrogen bonds. By modifying the exchange interaction and the transverse field at the surface,
Wanget al [16] successfully extended the transverse Ising model to the study of surface and
size effects in ferroelectric films. The polarization, the critical temperature as well as the
phase diagram as functions of exchange interactions, transverse fields and film thicknesses
are investigated [16–19]. The transverse Ising model has also been applied to many other
systems, such as the semi-infinite systems of localized surface spin waves [20] and surface
magnetism [21]. All the studies mentioned above are concerned with Ising systems with spin of
magnitude1

2. In addition, there have been few studies of the critical and magnetic properties
of the transverse Ising film with a higher spin. To our knowledge, only Benyoussefet al
[22], using the mean-field approximation, have studied the semi-infinite spin-1 Ising model
and Saberet al [23], within the framework of the effective-field theory, with a probability
distribution technique [24], have investigated the order parameter behaviour of a transverse
Ising ferromagnetic thin film with spin-1.

Our aim here is to study the order parameter profiles and the phase diagrams of the
transverse spin-1 Ising film, using the effective-field theory.

In the following section, we introduce the model and derive the order parameter profiles,
with a description of the calculation of the phase diagrams. The presentation of the numerical
results and their discussion is contained in section 3. The last section, section 4, is devoted to
conclusions.

2. Formalism

The system to be treated is a transverse spin-1 Ising film having a simple cubic structure
with (001) and(00L) surfaces withL layers in thez-direction (the same as that studied in
reference [23]). The Hamiltonian of the system is given by

H = −
∑
(i,j)

Jij SizSjz −�
∑
i

Six (1)

whereSiz andSix denote thez- andx-components of a quantum spinESi of magnitudeS = 1
at sitei, � represents the transverse field andJij is the strength of the exchange interaction
between the spins at nearest-neighbour sitesi andj . Jij = Js if both spins are in surface layers
andJij = J otherwise.

The statistical properties of the system were studied using an effective-field theory in
reference [23]. The layer longitudinal magnetizations are given by

m1z = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

2µ+µ1CNµ C
N−µ
ν CN0

µ1
CN0−µ1
ν1

× (1− 2q1z)
µ(q1z −m1z)

ν(q1z +m1z)
N−µ−ν

× (1− 2q2z)
µ1(q2z −m2z)

ν1(q2z +m2z)
N0−µ1−ν1

× f1z(y1, �/J ) (2)
...
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mnz = 2−N−2N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

N0∑
µ2=0

N0−µ2∑
ν2=0

2µ+µ1+µ2CNµ C
N−µ
ν CN0

µ1
CN0−µ1
ν1

CN0
µ2
CN0−µ2
ν2

× (1− 2qnz)
µ(qnz −mnz)ν(qnz +mnz)

N−µ−ν

× (1− 2qn−1,z)
µ1(qn−1,z −mn−1,z)

ν1(qn−1,z +mn−1,z)
N0−µ1−ν1

× (1− 2qn+1,z)
µ2(qn+1,z −mn+1,z)

ν2(qn+1,z +mn+1,z)
N0−µ2−ν2

× f1z(yn,�/J ) for n = 2, 3, . . . , L− 1 (3)
...

mLz = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

2µ+µ1CNµ C
N−µ
ν CN0

µ1
CN0−µ1
ν1

× (1− 2qLz)
µ(qLz −mLz)ν(qLz +mLz)

N−µ−ν

× (1− 2qL−1,z)
µ1(qL−1,z −mL−1,z)

ν1(qL−1,z +mL−1,z)
N0−µ1−ν1

× f1z(yL,�/J ) (4)

where

y1 = yL = R(N − µ− 2ν) + (N0 − µ1− 2ν1)

yn = (N − µ− 2ν) + (N0 − µ1− 2ν1) + (N0 − µ2 − 2ν2) for n = 2, 3, . . . , L− 1

and

f1z(y,�/J ) = 2y

[y2 + (�/J )2]1/2

2 sinh(βJ [y2 + (�/J )2]1/2)

1 + 2 cosh(βJ [y2 + (�/J )2]1/2)
. (5)

In these equations, we have introducedR = Js/J , N andN0 are the numbers of nearest
neighbours in the plane and between adjacent planes respectively (N = 4 andN0 = 1 in the
case of a simple cubic lattice which is considered here) andClk are the binomial coefficients,
Clk = l!/(k!(l − k)!).

The equations for the longitudinal quadrupolar moments are obtained by substituting for
the functionf1z with f2z in the expressions for the layer longitudinal magnetizations. This
yields

qnz = mnz[f1z(yn,�/J )→ f2z(yn,�/J )] (6)

where

f2z(y,�) = 1

[y2 +�2]

�2 + (2y2 +�2) cosh(β[y2 +�2]1/2)

1 + 2 cosh(β[y2 +�2]1/2)
. (7)

The longitudinal magnetization and quadrupolar moment of the film are defined as the averages
of layer ones and they are given by

m̄z = 1

L

L∑
n=1

mnz (8)

q̄z = 1

L

L∑
n=1

qnz. (9)

In this work we are interested in the calculation of the longitudinal ordering near the transition
critical temperature. The usual argument thatmnz tends to zero as the temperature approaches
its critical value allows us to consider only terms linear inmnz because higher-order terms
tend to zero faster thanmnz on approaching a critical temperature. Consequently, all terms of
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order higher than linear terms in equations (2)–(4) which give the expressions formnz can be
neglected. This leads to the set of simultaneous equations

mnz = An,n−1mn−1,z +An,nmnz +An,n+1mn+1,z (10)

or

A Emz = Emz (11)

where Emz is a vector of components(m1z, m2z, . . . , mnz, . . . , mLz) and the matrixA is
symmetric and tridiagonal with elements

Ai,j = Ai,iδi,j +Ai,j (δi,j−1 + δi,j+1). (12)

The system of equations (10) is of the form

M Emz = 0 (13)

where

Mi,j = (1− Ai,i)δi,j − Ai,j (δi,j−1 + δi,j+1). (14)

All of the information about the critical temperature of the system is contained in equation (13).
Up to know we have not used precise values of the exchange interactions and the transverse
field; the terms in matrix (13) are general ones.

In a general case, for arbitrary exchange interactions, transverse field and film thickness
the evaluation of the critical temperature relies on numerical solution of the system of linear
equations (13). These equations are fulfilled if and only if

detM = 0 (15)

where

detM = α

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 −1

−1 a2 −1
· · · · · · · · · · · · · · · · · ·

−1 an −1
· · · · · · · · · · · · · · · · · ·

−1 aL−1 −1

−1 aL

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
L

. (16)

The parametersα, a1, a2, . . . andaL that appear in equation (16) are given by

α = A1,2A2,1 · · ·An,n−1An,n+1 · · ·AL−1,L−2AL−1,LAL,L−1 (17)

a1 = 1− A1,1

A1,2
(18)

...

an = 1− An,n
An,n−1

= 1− An,n
An,n+1

= 1− An,n
An,n/4

for n = 2, 3, . . . , L− 1 (19)

...

aL = 1− AL,L
AL,L−1

. (20)

In general equation (16) can be satisfied forL different values of the critical temperatureTc/J
from which we choose the one corresponding to the highest possible transition temperature
(see the discussion in references [25, 26]). This value ofTc/J corresponds to a solution having
m1z, m2z, . . . , mLz positive, which is compatible with a ferromagnetic longitudinal ordering.
The other formal solutions correspond in principle to other types of ordering that usually do
not occur here (see Ferchmin and Maciejewski [26]).
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3. Results and discussion

Throughout this paper, we takeJ as the unit of energy, and the length is measured in units of
the lattice constant in our numerical calculations. From equation (15), we can obtain the phase
diagrams of the film. The results show that there can be two phases, a film ferromagnetic phase
(F) which means that the longitudinal magnetization in the film

m̄z = 1

L

L∑
n=1

mnz

is different from zero, and a film paramagnetic phase (P) which corresponds tom̄z = 0.
First we calculate the(Tc/J, R = Js/J ) phase diagrams for different transverse fields

and numbers of layers. Typical results can be seen in figure 1 where the solid, dashed and
dotted lines correspond respectively to�/J = 0, 2 and 4. For each value of�/J , we
see that all the curves intersect at the same abscissa pointR = Rc = 1.294 and ordinate
point Tc/J = (T Bc /J )(�/J ) = 3.519, 3.323 and 2.599 for�/J = 0, 2 and 4 respectively.
According to these results, the parameterRc can be defined as that particularR-value at which
the critical temperature does not depend on the film thickness (the crossover point in figure 1).
Furthermore, according to the definition ofRc, the crossover point in figure 1 can be expected
to define also the critical temperature of the three-dimensional infinite bulk system, where
the surfaces(001) and(00L) and theR-parameter are of no importance. ForR < Rc, the
critical temperatureTc/J of the film is smaller than the bulk critical temperatureT Bc /J of the

0 1 2

2

4

T
c

B/J

Ω/J=4

Ω/J=2

Ω/J=0

L=12L=8L=4

4.5

1.5

2.599

3.323

R
c
=1.294

3.519

T
c/J

R

Figure 1. The phase diagram in the(Tc/J, R = Js/J ) plane. The solid, dashed and dotted lines
correspond respectively to�/J = 0, 2 and 4. The number accompanying each curve denotes the
value of the thicknessL of the film.
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corresponding bulk transverse Ising system.Tc/J increases withL and approaches the bulk
critical temperatureT Bc /J = (T Bc /J )(�/J ) asymptotically as the number of layers becomes
large. WhenR = Rc, the critical temperature of the filmTc/J is independent ofL, and equal
to T Bc /J . On the other hand, forR > Rc the critical temperature of the filmTc/J is greater
both thanT Bc /J and thanT Sc /J (the bulk and surface critical temperatures of the corresponding
semi-infinite Ising system) and the largerL is, the lowerTc/J is. Tc/J approaches the surface
critical temperatureT Sc /J of the corresponding semi-infinite Ising system for large values of
L. This figure shows also that the critical valueRc of the parameterR is independent of the
strength of the transverse field�/J and the presence of the transverse field causes only a
reduction in the critical temperatures.

In figure 2, we present the bulk critical temperature together with the critical temperature
of the film as a function of the strength of the transverse field�/J for different thicknesses
L and for two values of the parameterR, i.e.,R = 0.1 < Rc (solid curves) andR = 2 > Rc
(dotted curves). The dashed line is the bulk critical temperatureT Bc /J . The presence of
a transverse field, of course, causes a reduction in the critical temperatures. We find that
the (Tc/J,�/J ) curve for a given value ofR and the (�/J )-axis intersect at some critical
point, and the value of�/J corresponding to this point is called the critical transverse field
�c/J . When�/J > �c/J , at any temperature, there cannot be a ferromagnetic phase. For
R = 0.1 < Rc, we see from this figure that the critical temperatureTc/J of the film is less
than the bulk critical temperatureT Bc /J and it increases with the increase ofL to approach

0
0,0

2,5

5,0

R=2
R=0.1

Bulk

6.8886.803

5.259

5.175

4.393

2.939

3.463

4.566
4.626

L=12

L=4

L=12

L=4

3.519

T
c/J

Ω/J

Figure 2. The phase diagram in the(Tc/J,�/J ) plane. The solid and dotted curves correspond
respectively toR = 0.1 and 2. The dashed line is the bulk critical temperatureT Bc /J . The number
accompanying each curve denotes the value of the thicknessL of the film.
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asymptoticallyT Bc /J for large values ofL. ForR = 2 > Rc, Tc/J is greater thanT Bc /J and
it decreases with the increase ofL to approach asymptotically a critical temperature which
depends onR for large values ofL (the surface critical temperatureT Sc /J of the corresponding
semi-infinite Ising system).

We present in figure 3 the dependence of the bulk critical temperature and the critical
temperature of the film for different values ofR and for two values of the strength of the
transverse field�/J = 0 (solid curves) and�/J = 4 (dotted curves). For a given value of
�/J , this figure shows that for any value of the parameterR belowRc = 1.294, the film critical
temperatureTc/J is smaller thanT Bc /J = (T Bc /J )(�/J ) and it increases with the increase of
the film thicknessL to approachT Bc /J . WhenR = Rc, Tc/J is independent ofL andTc/J is
equal toT Bc /J . ForR > Rc, we see thatTc/J is greater thanT Bc /J and it decreases with the
increase of the film thicknessL to approach asymptotically a critical temperature depending
onR when the number of layers becomes large.

8 16 24 32

2

4

R=2

Ω/J=4

Ω/J=0

4

4.7

1.7

2.599

R=2

R=1.8

R=1.8

R=1

R=1

R=0.1

R=0.1

T
c

B/J(Ω/J=4)

T
c

B/J(Ω/J=0)
3.519

T
c/J

L

Figure 3. The thickness dependence of the critical temperature of the film. The solid and dotted
lines correspond respectively to�/J = 0 and 4. The number accompanying each curve denotes
the value of the parameterR.

We now turn to the study of the longitudinal magnetizationmnz and quadrupolar moment
qnz for a film withL layers. After selecting a value of the strength of the transverse field�/J ,
a value of the ratio of the surface exchange interactions to the bulk ones (the parameterR)
and a value of the film thicknessL, we can obtain the layer longitudinal magnetization and
quadrupolar moment from equations (2)–(4) and (6) as functions of temperature.

In figure 4, we show the longitudinal magnetization (mnz) and quadrupolar moment (qnz)
profiles for a film withL = 40 layers. They are drawn for a fixed value of the strength of the
transverse field�/J = 4 and for a fixed value of the parameterR = 0.1< Rc. The solid and
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10 20 30 40
0,0

0,2

0,4
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0
1.5

1.5

2.5
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1

m
nz

, q
nz

n

Figure 4. Longitudinal magnetization and quadrupolar moment profiles for a film withL = 40
layers whenR = 0.1 and�/J = 4. The solid and dotted lines correspond respectively tomnz and
qnz. The number accompanying each curve denotes the value of the temperatureT/J .

dotted curves correspond respectively tomnz andqnz. The number accompanying each curve
denotes the value of the temperatureT/J . Because of the symmetry of the film, we limit the
interpretation to the first half of the layers. We see that the film longitudinal magnetization
mnz and quadrupolar momentqnz have their smallest values at the surfaces and they increase
with the number of layers to reach their maximal values in the bulk (n = 20). mnz andqnz
decrease with the increase of the temperatureT/J as expected.

Figure 5 shows the longitudinal magnetization (mnz) and quadrupolar moment (qnz)
profiles for a film withL = 40 layers. They are drawn for a fixed value of the strength
of the transverse field�/J = 4 and for a fixed value of the parameterR = 2 > Rc. We see
that the film longitudinal magnetizationmnz and quadrupolar momentqnz have their largest
values at the surfaces and they decrease with the number of layers to reach their minimal
values in the bulk (n = 20). mnz andqnz decrease with the increase of the temperatureT/J

as expected.

4. Conclusions

In summary, we have studied the phase diagrams and the longitudinal magnetization and
quadrupolar moment profiles of the transverse spin-1 Ising film where the exchange interactions
between spins at the surfaces are different from the exchange interactions between spins in
the bulk within the effective-field theory. The effects of the ratioR = Js/J of the surface
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Figure 5. Longitudinal magnetization and quadrupolar moment profiles for a film withL = 40
layers whenR = 2 and�/J = 4. The solid and dotted lines correspond respectively tomnz and
qnz. The number accompanying each curve denotes the value of the temperatureT/J .

exchange interactions to the bulk ones, the strength of the transverse field�/J and the film
thicknessL on the phase diagrams are investigated. Some interesting properties have been
found. The results are in agreement with those found earlier in [23]. They are as follows.

(i) There is a critical valueRc = 1.294 independent of the strength of the transverse field.
For a given value of�/J : whenR < Rc, as the film thickness increases, the film critical
temperatureTc/J increases; whenR > Rc, as the film thickness increases, the film
critical temperatureTc/J decreases. However, forR = Rc, Tc/J is independent of the
film thicknessL andTc/J is equal toT Bc /J .

(ii) The film longitudinal magnetization̄mz and quadrupolar momentq̄z decrease with the
increase ofL for R > Rc, increase with the increase ofL for R < Rc and are equal to
their corresponding bulk valuesmBz andqBz for R = Rc.
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Appendix A

The only non-zero elements of the matrixA are given by

A1,1 = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

ν∑
i=0

N−(µ+ν)∑
j=0

(−1)i2µ+µ1δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

Cνi C
N−(µ+ν)
j (1− r1)µ

× (1− r2)µ1r
(N−µ)−(i+j)
1 r

N0−µ1
2 f1z(y1, �/J ) (A.1)

A1,2 = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

ν1∑
i=0

N0−(µ1+ν1)∑
j=0

(−1)i2µ+µ1δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

C
ν1
i C

N0−(µ1+ν1)

j (1− r1)µ

× (1− r2)µ1r
N−µ
1 r

(N0−µ1)−(i+j)
2 f1z(y1, �/J ) (A.2)

...

An,n−1 = 2−N−2N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

N0∑
µ2=0

N0−µ2∑
ν2=0

ν1∑
i=0

N0−(µ1+ν1)∑
j=0

(−1)i2µ+µ1+µ2δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

CN0
µ2
CN0−µ2
ν2

C
ν1
i C

N0−(µ1+ν1)

j (1− rn)µ

× (1− rn−1)
µ1(1− rn+1)

µ2rN−µn r
(N0−µ1)−(i+j)
n−1 r

N0−µ2
n+1 f1z(yn,�/J ) (A.3)

An,n = 2−N−2N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

N0∑
µ2=0

N0−µ2∑
ν2=0

ν∑
i=0

N−(µ+ν)∑
j=0

(−1)i2µ+µ1+µ2δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

CN0
µ2
CN0−µ2
ν2

Cνi C
N−(µ+ν)
j (1− rn)µ

× (1− rn−1)
µ1(1− rn+1)

µ2r(N−µ)−(i+j)n r
N0−µ1
n−1 r

N0−µ2
n+1 f1z(yn,�/J ) (A.4)

An,n+1 = 2−N−2N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

N0∑
µ2=0

N0−µ2∑
ν2=0

ν2∑
i=0

N0−(µ2+ν2)∑
j=0

(−1)i2µ+µ1+µ2δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

CN0
µ2
CN0−µ2
ν2

C
ν2
i C

N0−(µ2+ν2)

j (1− rn)µ

× (1− rn−1)
µ1(1− rn+1)

µ2rN−µn r
N0−µ1
n−1 r

(N0−µ2)−(i+j)
n+1 f1z(yn,�/J ) (A.5)

...

AL,L−1 = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

ν1∑
i=0

N0−(µ1+ν1)∑
j=0

(−1)i2µ+µ1δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

C
ν1
i C

N0−(µ1+ν1)

j (1− rL)µ

× (1− rL−1)
µ1r

N−µ
L r

(N0−µ1)−(i+j)
L−1 f1z(yL,�/J ) (A.6)

AL,L = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

ν∑
i=0

N−(µ+ν)∑
j=0

(−1)i2µ+µ1δ1,i+j

× CNµ CN−µν CN0
µ1
CN0−µ1
ν1

Cνi C
N−(µ+ν)
j (1− rL)µ

× (1− rL−1)
µ1r

(N−µ)−(i+j)
L r

N0−µ1
L−1 f1z(yL,�/J ) (A.7)



The transverse spin-1 Ising film 53

where thern are the values of theqnz whenmnz = 0 at the critical point which are given by

r1 = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

2µ+µ1CNµ C
N−µ
ν CN0

µ1
CN0−µ1
ν1

× (1− 2r1)
µr

N−µ
1 (1− 2r2)

µ1r
N0−µ1
2 f2z(y1, �/J ) (A.8)

...

rn = 2−N−2N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

N0∑
µ2=0

N0−µ2∑
ν2=0

2µ+µ1+µ2CNµ C
N−µ
ν

× CN0
µ1
CN0−µ1
ν1

CN0
µ2
CN0−µ2
ν2

(1− 2rn)
µrN−µn (1− 2rn−1)

µ1r
N0−µ1
n−1

× (1− 2rn+1)
µ2r

N0−µ2
n+1 f2z(yn,�/J ) for n = 2, 3, . . . , L− 1 (A.9)

...

rL = 2−N−N0

N∑
µ=0

N−µ∑
ν=0

N0∑
µ1=0

N0−µ1∑
ν1=0

2µ+µ1CNµ C
N−µ
ν CN0

µ1
CN0−µ1
ν1

× (1− 2rL)
µr

N−µ
L (1− 2rL−1)

µ1r
N0−µ1
L−1 f2z(yL,�/J ). (A.10)
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[19] Cottam M G, Tilley D R and Zeks B 1984J. Phys. C: Solid State Phys.171793
[20] Tamura I, Sarmento E F and Kaneyoshi T 1984J. Phys. C: Solid State Phys.173207
[21] Kaneyoshi T 1991Introduction to Surface Magnetism(Boca Raton, FL: Chemical Rubber Company Press)
[22] Benyoussef A, Boccara N and Saber M 1986J. Phys. C: Solid State Phys.191983
[23] Saber A, Ainane A, Dujardin F, Saber M and Stéb́e B 1999J. Phys.: Condens. Matter112087
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