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Abstract.  Within the framework of the effective-field theory, we examine the phase transitions

of a transverse spin-1 Ising film. We discuss laayer film of simple cubic symmetry with
nearest-neighbour exchange interactions in which the exchange interaction strengths in surface
layers are assumed to be different from the bulk values, and we derive and illustrate expressions for
the phase diagrams and order parameter profiles. Itis found that for a ratio of the surface exchange
interactions to the bulk one® = J;/J less than a critical valug,, the critical temperatur&./J

of the film is smaller than the bulk critical temperatdi8/J and, asl is increased furthef, /J
increases. However, fa® > R, T./J is greater than the bulk critical temperatdi€/J and, as

L is increased furthefl,. /J decreases.

1. Introduction

The magnetic properties of ordinary lattices, thin films, multilayers and artificially fabricated
superlattices have been widely studied over the years [1]. It is generally accepted that the
magnetic properties of a surface layer may differ from those in the bulk of the system. This is
expected since the atoms in the surface layer or region are in a different environment and the
exchange interactions associated with them may differ from those in the bulk.

In the case of spin waves, the presence of a surface with different interactions gives rise
to the existence of surface spin waves [2—6]. These spin waves are localized at the surfaces
and have been studied in the magnetostatic approach [2—6]. In the case of phase transitions,
it has also been recognized that the presence of a surface raises the possibility of a surface
transition. Here the surface layer orders at a temperatfire 7.2 (7.7 is the bulk critical
temperature) and in the temperature redigh< T < 7.5 the magnetization decays from the
surface into the bulk with a characteristic length. This occurs when the ratio of the surface
exchange interaction to the bulk oe= J;/J is larger than a critical valug..

From both the experimental and the theoretical points of view, the Ising magnetic film is
very important [7—10]. It can be taken as a model to investigate the magnetic size effects and
can be regarded as a quasi-two-dimensional system when itis thin [9]. The magnetic properties
of the film will approach those of the corresponding semi-infinite system when it is thick [10].
Although much is known about phase transitions in two- and three-dimensional systems, many
aspects remain to be understood in systems with surfaces, thin films etc. Very often one finds
unexpected and interesting properties in these systems. For example, experimental studies
[11-15] on the magnetic properties of surfaces of Gd, Cr and Tb have shown that a surface
ordered magnetically can coexist with a magnetically disordered bulk phase.
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In this paper, we are concerned with order—disorder (KDP-like) ferroelectrics. As was
first pointed out by de Gennes [15], these may be described within a pseudo-spin model by the
Ising model in a transverse field since the phase transition to ferroelectricity is associated with
preferential occupation by the protons of one or the other of the two equivalent wells in the
hydrogen bonds. By modifying the exchange interaction and the transverse field at the surface,
Wanget al [16] successfully extended the transverse Ising model to the study of surface and
size effects in ferroelectric films. The polarization, the critical temperature as well as the
phase diagram as functions of exchange interactions, transverse fields and film thicknesses
are investigated [16—19]. The transverse Ising model has also been applied to many other
systems, such as the semi-infinite systems of localized surface spin waves [20] and surface
magnetism [21]. All the studies mentioned above are concerned with Ising systems with spin of
magnitude%. In addition, there have been few studies of the critical and magnetic properties
of the transverse Ising film with a higher spin. To our knowledge, only Benyowessaf
[22], using the mean-field approximation, have studied the semi-infinite spin-1 Ising model
and Sabeket al [23], within the framework of the effective-field theory, with a probability
distribution technique [24], have investigated the order parameter behaviour of a transverse
Ising ferromagnetic thin film with spin-1.

Our aim here is to study the order parameter profiles and the phase diagrams of the
transverse spin-1 Ising film, using the effective-field theory.

In the following section, we introduce the model and derive the order parameter profiles,
with a description of the calculation of the phase diagrams. The presentation of the numerical
results and their discussion is contained in section 3. The last section, section 4, is devoted to
conclusions.

2. Formalism

The system to be treated is a transverse spin-1 Ising film having a simple cubic structure
with (001 and (00L) surfaces withL layers in thez-direction (the same as that studied in
reference [23]). The Hamiltonian of the system is given by

H=-Y J;jS:Sj:—2> S @)

@) i

wheresS;, andS;, denote the- andx-components of a quantum spfh of magnitudeS = 1
at sitei, Q represents the transverse field ahdis the strength of the exchange interaction
between the spins at nearest-neighbour sigeslj. J;; = J; if both spins are in surface layers
andJ;; = J otherwise.

The statistical properties of the system were studied using an effective-field theory in
reference [23]. The layer longitudinal magnetizations are given by

N—u No No—p1

=2 TS Y ey e

u=0 v=0 p;=0 v;=0
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where

y1=yL=R(N —pu—2v)+(No— p1 — 2v1)
=(N—u—2v)+(Ng— 1 — 2vq) + (Ng — o2 — 2vp) forn=23...,L—-1

and
2y 2sinh(BJ[y* + (2/7)7"?) 5)

[y2+(2/)?¥2 1+ 2 coshipJ[y? + (2/7)?]/?)
In these equations, we have introducRd= J;/J, N and Ny are the numbers of nearest
neighbours in the plane and between adjacent planes respecfively4 andNg = 1 in the
case of a simple cubic lattice which is considered here)@naire the binomial coefficients,
Cl =11/ — k).

The equations for the longitudinal quadrupolar moments are obtained by substituting for
the function f1, with f, in the expressions for the layer longitudinal magnetizations. This
yields

flz(yv Q/J) =

Gnz = Mp[ f1:(Vn, /) = fo:(Yn, 2/J)] (6)
where
1 Q2+ (2y%+Q? coshp[y® + 2773
[y2+ 7] 1+2coshipy> + 22]'/?)

The longitudinal magnetization and quadrupolar moment of the film are defined as the averages
of layer ones and they are given by

(7

S2: (¥, 2) =

1 L
I’I_’lz = Z Zmnz (8)
n=1
1 L
z Zan- )
n=1

In this work we are interested in the calculation of the longitudinal ordering near the transition
critical temperature. The usual argument that tends to zero as the temperature approaches
its critical value allows us to consider only terms lineamip, because higher-order terms
tend to zero faster than,, on approaching a critical temperature. Consequently, all terms of
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order higher than linear terms in equations (2)—(4) which give the expressions foan be
neglected. This leads to the set of simultaneous equations

Mz = Apn-1Mu_1:+ Ay iz + Ay ps1iper (10)
or

Am, =m, (12)
where m, is a vector of componenténi,, mo., ..., My, ..., mr;) and the matrixA is
symmetric and tridiagonal with elements

Aij=Apidij+ A (8 j—1+ 8 j+1). (12)
The system of equations (10) is of the form

Mm, =0 (13)
where

M; ;= Q= A;)8; — Aij(8ij—1+08; j+1). (14)

All of the information about the critical temperature of the system is contained in equation (13).
Up to know we have not used precise values of the exchange interactions and the transverse
field; the terms in matrix (13) are general ones.

In a general case, for arbitrary exchange interactions, transverse field and film thickness
the evaluation of the critical temperature relies on numerical solution of the system of linear
equations (13). These equations are fulfilled if and only if

detM =0 (15)
where
ag -1
-1 ar -1
detM = « -1 ag, -1 . (16)
-1 ayj 1 -1
—l arp
The parameters, a1, ao, ... anda; that appear in equation (16) are given by
o =A12421 App_1Appr1- - Ar—11-2AL 1AL -1 (17)
1-A11
ag = —= 18
1 i (18)

_ 1 - An,n 1 - An,n 1 - An,n

an = = forn=2,3,....L—-1 (19)
An,nfl An,n+l An,n/4
1-A

ap = —Lbb (20)
ApL-1

In general equation (16) can be satisfiedZatifferent values of the critical temperatufg/ J

from which we choose the one corresponding to the highest possible transition temperature
(see the discussion in references [25, 26]). This valug of corresponds to a solution having

mi,, Mo, ..., mr, Positive, which is compatible with a ferromagnetic longitudinal ordering.
The other formal solutions correspond in principle to other types of ordering that usually do
not occur here (see Ferchmin and Maciejewski [26]).
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3. Results and discussion

Throughout this paper, we taldeas the unit of energy, and the length is measured in units of
the lattice constant in our numerical calculations. From equation (15), we can obtain the phase
diagrams of the film. The results show that there can be two phases, a film ferromagnetic phase
(F) which means that the longitudinal magnetization in the film

1 L
m; = Z Zmnz
n=1

is different from zero, and a film paramagnetic phase (P) which correspongs+a0.

First we calculate th€7,./J, R = J;/J) phase diagrams for different transverse fields
and numbers of layers. Typical results can be seen in figure 1 where the solid, dashed and
dotted lines correspond respectively®yJ = 0, 2 and 4. For each value 6t/J, we
see that all the curves intersect at the same abscissa poitR, = 1.294 and ordinate
point7./J = (T2/J)(Q/J) = 3519, 3.323 and 399 forQ/J = 0, 2 and 4 respectively.
According to these results, the parame&tercan be defined as that particuRdvalue at which
the critical temperature does not depend on the film thickness (the crossover pointin figure 1).
Furthermore, according to the definition Bf, the crossover point in figure 1 can be expected
to define also the critical temperature of the three-dimensional infinite bulk system, where
the surfaceg001) and (00L) and theR-parameter are of no importance. F®r< R, the
critical temperaturd./J of the film is smaller than the bulk critical temperatai&/J of the

4.5

3.519
3.323
)
2,
2,599 |
2 -
15 . ! .
0 1 R=1294 2
R

Figure 1. The phase diagram in th&@./J, R = J;/J) plane. The solid, dashed and dotted lines
correspond respectively /J = 0, 2 and 4. The number accompanying each curve denotes the
value of the thickness of the film.
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corresponding bulk transverse Ising systef/J increases with. and approaches the bulk
critical temperaturd ?/J = (T2 /J)(Q/J) asymptotically as the number of layers becomes
large. WhenR = R, the critical temperature of the filffi./J is independent of., and equal
to 7.2 /J. On the other hand, faR > R. the critical temperature of the filfi./J is greater
both thar’ 2 /J and tharT;5 / J (the bulk and surface critical temperatures of the corresponding
semi-infinite Ising system) and the largers, the lowerT,/J is. T./J approaches the surface
critical temperaturd’S/J of the corresponding semi-infinite Ising system for large values of
L. This figure shows also that the critical valRe of the parameter is independent of the
strength of the transverse fiefd/J and the presence of the transverse field causes only a
reduction in the critical temperatures.

In figure 2, we present the bulk critical temperature together with the critical temperature
of the film as a function of the strength of the transverse figld for different thicknesses
L and for two values of the parametRri.e., R = 0.1 < R. (solid curves) an®R = 2 > R.
(dotted curves). The dashed line is the bulk critical temperefifie/. The presence of
a transverse field, of course, causes a reduction in the critical temperatures. We find that
the (T./J, 2/J) curve for a given value oR and the {2/J)-axis intersect at some critical
point, and the value af2/J corresponding to this point is called the critical transverse field
Q./J. WhenQ/J > Q./J, at any temperature, there cannot be a ferromagnetic phase. For
R = 0.1 < R., we see from this figure that the critical temperatiirgJ of the film is less
than the bulk critical temperatuf? /J and it increases with the increaseloto approach

5,0
4.626 - R=0.1
4.566 - o o - e T R:2
L=4
Bulk L /
3519 | L e
3.463 '

2.939

2,5

[

T/

1 5.259
| &~

. <
0 5{75 6.%?3 6.888
Q/J

0,0

Figure 2. The phase diagram in th&,/J, /J) plane. The solid and dotted curves correspond
respectively tak = 0.1 and 2. The dashed line is the bulk critical temperafiff¢.J. The number
accompanying each curve denotes the value of the thicknesshe film.
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asymptoticallyZ,? /J for large values of.. ForR = 2 > R., T./J is greater thar'? /J and

it decreases with the increase bfto approach asymptotically a critical temperature which
depends oiR for large values of. (the surface critical temperatuf / J of the corresponding
semi-infinite Ising system).

We present in figure 3 the dependence of the bulk critical temperature and the critical
temperature of the film for different values &f and for two values of the strength of the
transverse field2/J = 0 (solid curves) an@/J = 4 (dotted curves). For a given value of
@/ J, thisfigure shows that for any value of the param@&tbelowR,. = 1.294, the film critical
temperaturd,/J is smaller thart.® /J = (T2 /J)(Q/J) and it increases with the increase of
the film thicknesd. to approacl'?/J. WhenR = R., T./J is independent of. and7,/J is
equal toT2/J. ForR > R., we see thaf,/J is greater tharf? /J and it decreases with the
increase of the film thickneds to approach asymptotically a critical temperature depending
on R when the number of layers becomes large.

4.7

R=2
R=1.8
Al R=2
T °13(Q/3=0)
3.519
R=1.8
2
=
T.%13(Q13=4)
2.599 —
\ _ 0lJ=0
SO R=L Q/lJ=4
2 R=0.1
1.7 L . L . ' ’
4 8 16 24 3

Figure 3. The thickness dependence of the critical temperature of the film. The solid and dotted
lines correspond respectively fo/J = 0 and 4. The number accompanying each curve denotes
the value of the parameté.

We now turn to the study of the longitudinal magnetizatign and quadrupolar moment
qn, for afilm with L layers. After selecting a value of the strength of the transversectigid
a value of the ratio of the surface exchange interactions to the bulk ones (the par&neter
and a value of the film thickneds, we can obtain the layer longitudinal magnetization and
quadrupolar moment from equations (2)—(4) and (6) as functions of temperature.

In figure 4, we show the longitudinal magnetizatien,{) and quadrupolar momeny,()
profiles for a film withL = 40 layers. They are drawn for a fixed value of the strength of the
transverse field2/J = 4 and for a fixed value of the paramefee= 0.1 < R.. The solid and
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Figure 4. Longitudinal magnetization and quadrupolar moment profiles for a film with 40
layers whemk = 0.1 and2/J = 4. The solid and dotted lines correspond respectivety,toand
gnz- The number accompanying each curve denotes the value of the tempé@rafure

dotted curves correspond respectivelyitg andg,,. The number accompanying each curve
denotes the value of the temperatg/. Because of the symmetry of the film, we limit the
interpretation to the first half of the layers. We see that the film longitudinal magnetization
m,, and quadrupolar momenj},, have their smallest values at the surfaces and they increase
with the number of layers to reach their maximal values in the bulk=(20). m,, andg,,
decrease with the increase of the temperalytg as expected.

Figure 5 shows the longitudinal magnetization,{) and quadrupolar momeni,()
profiles for a film withL = 40 layers. They are drawn for a fixed value of the strength
of the transverse fiel/J = 4 and for a fixed value of the paramefr= 2 > R.. We see
that the film longitudinal magnetization,, and quadrupolar momept,, have their largest
values at the surfaces and they decrease with the number of layers to reach their minimal
values in the bulk{ = 20). m,, andg,, decrease with the increase of the temperaiyté
as expected.

4. Conclusions

In summary, we have studied the phase diagrams and the longitudinal magnetization and
guadrupolar moment profiles of the transverse spin-1Ising film where the exchange interactions
between spins at the surfaces are different from the exchange interactions between spins in
the bulk within the effective-field theory. The effects of the rakio= J;/J of the surface
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0.96 |

08k

0,4

0.22 . I A 1 . 1

Figure 5. Longitudinal magnetization and quadrupolar moment profiles for a film with 40
layers whenR = 2 and2/J = 4. The solid and dotted lines correspond respectively,toand
¢nz- The number accompanying each curve denotes the value of the tempé@rature

exchange interactions to the bulk ones, the strength of the transversg fi¢ldnd the film
thicknessL on the phase diagrams are investigated. Some interesting properties have been
found. The results are in agreement with those found earlier in [23]. They are as follows.

(i) There is a critical valug?, = 1.294 independent of the strength of the transverse field.
For a given value of2/J: whenR < R., as the film thickness increases, the film critical
temperaturel,./J increases; whemR > R, as the film thickness increases, the film
critical temperaturd,/J decreases. However, f& = R., T./J is independent of the
film thicknessL and7./J is equal toT,2 /J.

(ii)y The film longitudinal magnetizatiom, and quadrupolar momegt decrease with the
increase ofL for R > R., increase with the increase fffor R < R. and are equal to
their corresponding bulk values? andg? for R = R..
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Appendix A

The only non-zero elements of the matixare given by
N—u No No—p1 v N—(utv)
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(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)



The transverse spin-1 Ising film 53

where ther, are the values of thg,, whenm,,, = 0 at the critical point which are given by

N N—p No No—pa

AR ISPt

n=0 v=0 u1=0 v1=0

x (L= 2r)Pr T (1 = 2r) M) f (1, /) (A.8)

—u No No—p1 No No—p2

_27N ZNOZZ Z Z Z Z 2M+M1+M2CNCN n

n=0 v=0 p1=0 v1=0 w,=0 vo=
No ~No—pa1 ~NoNo—p2 1 _ i N—pwe _ p1,.No—p1
x C,2C P "C2C) A—=2r)!r,) " (A = 2r,—)"r, 2

X (L= 2r,40)"2r 712 o (v, /) forn=2,3,...,L—1 (A.9)

N—u No No—p1

N
A IR

n=0 v=0 pu1=0 v;=0

x (L= 2r)r) (L= 2r )" 07" fo(ye, /). (A.10)
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